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In the past it has been oustomary to analy~e shell-

6UppO~~ed ‘frames on the basis of the assumption that frame “ ‘-
%endin~ distortion does Bctt affect the character of’ the
shear resistance in the 8kinq This assumption has been
found to be considerably in error for a majority or yra”c- ‘-– -=
tical eases- ----.-- ----- ____L-—

In order to o?Itain results more nearly representing”-”- “-:-”-’-”=::
.

the cct’=Z case, it is assential that the deformation of
the franc and the deformation of the shell he oon$istent
?rith each other , While this principle of ‘*consistent ...
6eformatio”ns* is already well known and appreciated, its
ap:~lication to. fuselage franc analysis and similar prob-
lems has not been extensively developed.

.,----.... . -“--.

‘“-’fThis paper deals with the single problem of circular -
shell--supported francs subjected to concentrated loadings- -
A mathematical attack is developed and presented in the
form of nbndimenstonal-coefficient curvesc \These curves,’ “““.l
while they are develaped for circular frames only, nay, -\.

by ner,as of approximations, b9 used. for nearly a,ny prac-
tical frame whioh has ourvature in the region of applied
loading, .:.. .=._.,. -.= .-,..>...

IlU!!RODUC2!ION
-. ----- -.-.-T- . . .

. . .
..—.

Yhen shellxsupp orted rings are externally loaded,
the a~$lie~ loading is resisted primarily by a systgm of
shearing forces wtthin the shell-

‘w - =.=...-..-
.

s ~he. VQ/I and T/2A shear-flow distr~bution, which--’-”- ----..

b 4 has been used frequently tn past analyses, $S consi~teat

d with the assumption that the ring being loaded is rigid,
3’or suall~diaue%er shells with sturdy” rings, this dietri-
buticn has proved reasonably satisfactory for design

. :-
.- > -..--_-—_.
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. .. purposes. .Howewerti as the size of airplanes increases,.

the rings %eco~e relatively more flexille so that the4
. assuqtion of infinite ring stiffness way sometimes.

introduce errors of several hundred percent in ring
d.esignq !Zherefore, the necessity for a more accurate
analysis beaomes apparent- Such an analysis ,must con-
sider the finite stiffness of the ring-

Ibcause of the added complexity involved. in evaluating
the effeqti of finite ring stiffness, it is desirable to
present the results in the form of coefficient curves cal-
aulttted for typical cases~ Then the Oending mom~nt, axial
load and transverse shear in a ringt and the oorresponcling
shear flow acting Qn the ring from the supporting shell
may be readily obtained from these curves by ~roper inter--
polation and superposition.

.

~his report $s but the start of the contemplated ring
study and covers only the aase of a complete circular frame .
subjec%8d to a system of coplanar loadingsc !l!hemethod
will, in later reportq$ be exten~ed to m~re general appli-
cations vhich include the following problems:

(1) Analysis of win~fuselage intersection including
desigu data for the main frames} &eflection of ‘the main
fraues, skim shear flows, and modification of axial stre~ses
(ia the vicinity of the ma$n %rames) as a result of ring
flexibility

fm\ ;.n~.:;r~”isof fu-selage cut-outs including design
a :.i~d defle,~ttons fofi the end frames, skin shear flows,.....-

and stringer axial stress modification
—

(3) IIutual influence 0S +td~acent frames
.

(4) ka+ysis of riags involving floor support problems

rF \ $-.-!.-Vsj.s of rings in&irectly attached to s~in

SmbOrls

a internal axial load acting on ring cr~ss . ~--I-;- --+.
pounds.

a c. arbitrary cdnstant of integration

.

.



.

-,

*
.

J
.

3

final internal load coefficients, where
first subscxipt designates type of

internal load or shear flow (m for
moment , s for shear, a for axial
load, and q for shear flow)

second subscript designates type of
external applied loading (m for
moment , r for radial load, t for
tangential load)

/.-3
d reletive-stiffness parameter

)

(

~l~; approximately equal

to
tRs

~

dF eleuent of skin shear force

Ax, Ay, &@l horizontal, vertical, and angular displace--
merits, respectively, for entire ring
(without distortion)

AT, AX, A@ final deflection components of any point on
distorted ring, tangential, radial, and
rotational, respectively

.-.—

6X, By, 8($ final relative displacements between faces
of ~cut~

E YOUIIG?S modulus of elasticity for ring, pounds per
square inch .

G nodulhs of shear rigidity of skin, pounds per square
inch

HA internal continuity axial force at out, pounds

I monent of inertia of ring cross section, inches 4

.

K skin resisting force per unit tangential deflection
pounds per inch .-

.
L Listance along shell to a section which is not

distorted from a circle —.
**

v

**
.

.
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K Krin~mu s final moment constants

‘qn~ ‘qnt final shear-flow constants

1

.’
lls~, Ks~~~ final shear constants

● .
Kant ~:an 3 final axial-load constants

4
—

n designates Fosi.-
t.ion of term in
general expres-

~r;;~niesignafies
antisymmetry

.

internal bending moment acting on zing, inch-pounds

a:~plied moment acting in plane of frame$” inch-~o$nds

internal continuity moment at cut, inr3h-poundG

applied radial load act~ng in plane of frame, pounds
,

applied tangential load acting in plane of frame,
y ounds .-

internal continuity shearing force at cut, pounds

induced shear flow

)

expressed in pounds per
,.radian (q as used ID

oocventional shear flow final curves iS dfvidea
by radius to givq

resultant shear flow 1%/in* ;

radius of ring, inches

transverse ‘fbeam shear lrin fuselage .

internal shearing load acting on-ring cross sectioa,
pounds

average effective skin thickness supporting ring

[O..(tp +- tq] ~

effective skin thickness forward of frame

effective skin thickness aft of.fdame

ratto of E of frame to G of skin

relative ‘shapea stiffness of shell forward of ring .

reletive ‘shapen sbiffness of shell aft of ring

.

.



.

l?AG& TN NOm 329

,

5
—. ___

.
. ...

.
●

✎

●

▼✍
✎

5, Y danping parameters

6 frequency parameter

CL=p 2 + (72+1
.

v variable angle while 6 remains constant

e a,ngular displacement from cut (may be used alone
or as subscript)

*O iategratio~ limits (Aw for complete circle)

A few ring tests on the Constellation fuselage “test “--
section have been conihzcted by Lockheed Aircraft Corporation-
Observations based on these tests (u~~ublished) inolude the
fotlowhlgt —

(1) The maximum moments , actually measured, ranged
from 5 percent to 50 percent of values obtained hy
ass.uuiag’ infinite ring stiffness.

(2) The moment pattern for each test indicated that ““ ““ ““
the load af<ected the ring only locally instead of entirely
arouaa the fuselage-

(3) For radial loading the maximum axial load was at”
the location of the radial load instead of 45° away, as
indicated by assum:ng a very stiff’ ring, The maximum
axial load, as measured, exceeded the calculated values
by approximately four times.

(4) For tangential loading the axial-load curve
reaches the came maximum as the calculated curve but
dies away more rapidly.

The Boeing Aircraft Company has also made some ring.
tests on the X3-29 fuselage test section. Two equal
vertical loads were applied, each at 32~0 from top center.

&- The ring stresses, as measured, corresponded in nature to
the C3nstellaiion ring tests.. The following comparison
with conventional analysis ,was taken directly from the

** Boeing re~>ort (unpublished):
. .-
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It nay be seen that the maximum measured stress ● ● .
is only 20.3 percent of the corresponding theoretical
stress, with even greater variation at. other poiutEI
on the frame- Hence this method of analysis is an
extremely conservative oneD.

As a result of these tests, it is evident that’ the
assumption of infinite ring stiffness leach to excessive
conservatism for any airplane with rings that are similar
to those of the Lockheed Constellation or BoeingX 3-29,

GXNEEAL DEVELOPMENT

Preliminary Discussion

In the general ring analyses that have been developed
(reference 1), it has teen customary to assume that the
resisting skin shear flow follows simple VCL/I and !l?/2A

u distribution- As long as the ring remains ~erfectly rigid,.
this assumption is reasonably close to the actual conditions,
However, in the case of rings of large diameter used in air-*

.< craft structures, the assumption of perfeot rigidity is
often far from the truth.

m .
In the actual case, the ring will always e&iperience

some distortion as a consequence of being loaded. This
distortion will induce shearing forces in the skin which
tend to oppose the ring deflections and, therefore, effec-
tively change the manner ‘in which the applie~ forces are
resisted by the eking I?igure 1 shows the deflected posi~
tions of a rigid ring and a flexible ring~ Note that the
difference in tangential deflection in the two cases would - -
fnduce additional fo,rces in the skin which oppose the
&eflections of the flexible ring~ A very light ring would
tend to deflect uritil the external moments causing the
deflections were neutralized by the sum of the res%sting
moments in the ring and the resisting snoments due to the
deflection-induced skin shear flow. Mow, If the resist- -
ante of the slsin to deflection is increased, say by
doubling the skin thiclcnees, and the ring is loaded as
before~ then the skin will resist the deflections of the
ring more strongly and will ~rovide a greater proportion
of the resisting moment than hefore~

Hmevert sinoe it is chiefly the moment in the ring
that determines the deflection of the ring, the distribution
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of the shear flow in the skin has been altere~ by changing
the relative stiffness of the skin and ring. It is then
apparent t,hat, in the actual case, the distribution of the
skin shear flow depends,upon the relative stiffnesses of
the skin and ring. Xt is now possible to consi~er the
skin shear flow as consisting of. two parts; the VQ/I
and 9/2A distribution upon which is superimposed the
induced shear flow.

—

The VQ/ I and T/2A distribution may be realized
hy assuatng the shear flow to be proportional”to the
tangential deflection of the skin with respect to a
reference ring which is assume~ to be rigialy fixed in
space. If a horizontal and vertical force and a moment
are a->vlied to the ring, they will produce a horiso~tal....
displacement Ax, a vertical displacement ily, and a
rotation Lot, respectively, of the ring as a unit*
The shear flow a% any point is then given by -

where K is the r+tio of tangential shear force per ratliau
to tangential deflection,

The induced shear flow is proportional to the relative
tangential deflection of a point due to the bend.ing moment
in the ring..

~i = K ATm

Tho resultant shear flow acting on the ring is then
given by

= X(AX cos 9 + Ay sin 9 + Acb~ + ATm] (1)
. .

.-

The moments produced in the ring by this load system
may” now he determined,
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Development of General Differential Equation

Figure 2 shows a portion of a fuselage ring that has
been cut at p~int A and the forces required to produce
continuity have been applied at the cut. An element of
skin shear force acting on’ the ring is represented %y 0.
The bending moment at any point 0 in the ring will then
be given by . -.

m= MA+ HAR(l-cos 0) -PAR sine

e
-R

f[
3.- Coe (a

1
*l#)dF (2)

o

Expanding Cos (e - ~) and differentiating m with
respect to 6 yields

‘F(cos% + sinaS) ~Rnjff = HAR sin $ - PAR cos e + R= dF
ae .

I
6-- ‘

--~sin9 dosvdT+Rcos O

f

Sill*”a (3) -

Q’ “o

Ilifferentiating again with respect to $ yields

d=m = - HAR sin 9 + PAR cos 9 --’a(cos% + sin%)%
iF

e“ e

+R sine

J

Cos + @ -Rcose

f

sinw &I?

‘o “o
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-. If the siu%larity between alternate derivatives is

. noted, it may be seen that adding the first and third
., d.erivc.tives yields

(5)

Since m is the moment at any
7
oint in the ring, the

tangetitial deflection at D (fig. 2 due to a moment at
c acting,over an elementary ~ength” of the ring R de
will be given by

-+nR de 1)
&(AT} = ——

EI

From figure 2 it is evident that

9

‘.

. .

.

(6)

33 substituting f“or b and integrating, equation (6)
becomes

Substittiting for AT in equation (1) yields

a’~ = K A*I i- K Ay sin % + KAx cos e
, .

(7)

Noting the similarity between equations (2) and (7),
it is evident hy comparison that

(8)

1
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(9)

*
..*

Adtimg the first and third derivatives of equation
(5) ~iveS

.
+-.

.

.

6,

.

1
w’

Substituting equation (6) in equation (10) gives

a6m +2&m+d2m I@m=o—.—~ de4 d132 ICI

(10)

(11)

Zquation ~11) is the differential equation defining
the moment distribution in a skin-supported ring subjected
to any loading, It is interesting to note that the dis--
tribu%ion depends only u~f;r. th~ value of KR3/ET , herein-
after called the ‘lrelative-..sttffness parameter d,” because
K is a factor denoting the stiffness of the skin and ZI/R=
is a factor &enoting the stiffness of the ring. ‘-”-

The general solution (see appendix) of equ~tion (11)
yields

.
m= Cleye + C?ae-ye + G3eB6 cos u~ + C4e-Be cos a6

.

where t;le values of Y, B, and u are as plotted in
figure 3 for different values of KR3/?310 Inasmuch as
there are six independent constants in equation (12),
six independent conditional equatioas are nestled for a
complete solution. These are the three equa~tons of
equilibrium and the three equations of oontinuity~

—

Considering only symrnetri~al or e.ntisymiuetrical
loadings reduces the number’ 02 independent constants to

three,,and the general solution re~uces to
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for symmetrical loading and to

for antis ydmetrical loading,

(13)

(14)

The expressions for the shearing force, axial force,
and skim shear flow at any point e may be shown to Ye
given 3Y (see appendix)

(15)

(17)

where m is given by equation (13) or (14).

?he components of absolute deflection (that is, with
respect to ~:fixed structiuren) may be shown to be given by
(see appendfx)

M=-1 m(%+$a (18)

AR =

A+ 1= —...
# E

& dam+- .

(
---

EK d@ d$4 )
(19)

( as El dsm

)
Q&2m. +—

de= de=
(20)
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Examination of equations (13) and (14) and their
derivatives reveals that the derivatives of m are” ‘-‘--
altern~tely symmetric and antisymmetric and the alter-
nate derivatives differ only in the numerical valw of
the three coefficients. Inasmuch as all the preceding
quantities are ~oportional to derivatives of n or
sums of even or odd deri~atives of m, ihey will also
differ from the similar q,uantitiee only in the numerical
value of the three coefficients~ Therefore, the inter-
relation %etween these coefficients may be conveniently
shown :n tabular form. (See table ,1,) .

The six conditional equations may be represented as,. -.

L.

~
11=0 (21e) .

‘T‘Ax = O (21f )
LA

,

Yhe first three conditions are automatically satisfied
by conditions of antisymmetrical loadt~g aud ti.~ last three
are satisfied for symr.etrical loading, AL.srslcce , for sym-
metrical loading, equations (21a) to (21c) become

r0’qsinede=F= (22a)

(22b )
. .

(22C)

..

--0
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m=Ic ~1 Cosh Ye +- Km= cosh se cos de + Km3 sinh S9 sin C$

For antisymmetrical loading, equations (21d) to (21f)
become

*
@

r
J

qcosetle=Pt (22d)

@
-0 .-

r( ql - cos @ cos e)R d9 = M (220 )

.
.

“J4 $)

f

bR=—sinf3dO=6y
-+ ‘1

(22f )

.
+’ where .

All integrals to be evaluated for equation (22)
cbme under one of the seven general types given ia gen-
eral form in tke appendix. ~he numerical akal-zation of ‘-
these integra~s is accomplished on computation form 30
(See appendix. ) . — .,

.

qhe coefficients , evaluated in accordance with compu-
tation form 5, are used as shown in the following table:

.-

W

.
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DISCUSSION 03’ PHYSICAL CONCEPTS
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Xffect Of Ring E’legibility on Shear-E’low pattern

The shape of the shear-flow pattern, for a given
external load applied to the ring, depends entirely upon
the stiffness of the ring relative to the shell. This
statenent has been substantiated mathematically in this “’
report, However , in order to establish nonmathematical
concepts of the general phenomena involved, the following
paragra~hs will be devoted to a study of the effects
encountered with each loading case.

Before the character of the shear-flow pattern may he
determined, it is first necessary to realize fully that-the
shear-flow intensity is proportional to the tangential de-
flection imposed on the skin by the loaded. ring. This
statement is apparent since shear force in the plane of the
skin is certainly necessary to Zroduce tangential deflection
of the skin, and the magnitu~e @ this shear force is pro-
portional to the deflection which causes it. With this fact
clearly in mind, consider a shell section loaded radially
as shown in figure 4*

I’irst3 assume that the ring is very stiff and remains
circular throughout the Zoading process, Under these con-
ditions, it is evident that the ring will undergo a pure
translation displacement in the direction of the load Prti

This translation will impose ~he maximum tangential deflec-
tion on the skin at poi~ts 90 away from the loading Pr*

In other words, the skin shear-flow pattern assumes the
VQ/I (or sine) wave form as illustrated in figure,5.

Uow, if the ring distorts, as shown in figure 4, the
point of maximum tangential deflection is nc longer 90°
away from the loadi.ng~ Instead, it moves to the region
indicated in figure 4, &ue primarily to the tangential
deflection induced in this region by straightening the
top portion of the ring. (The ring axial loads do not
ordinarily cause sufficient axial deformation to affect
appreciably the general problem.) Therefore, when the
ring Is somewhat flexible, as it is for most practical
cases , the ehear-flow pattern takes a form similar to
that shown In ftgure 6. The extent to which the shear
flow is localized in this manner depends entirely upon
the stiffness of the ring relative to the stiffness o:
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the shell. However, this shear flow is inconsistent in
One respect. If the ring is flexible, as it must Fe for
this ty:pe of shear flow, the points t (fig, 6] on the
ring will deflect downtvard excessively due to the relative
‘topeaiugfl action of the shear flow aeti~g against Pr.
Therefore, the shear-flow pattern, indicated in figure “6,
must he modified so as to incorporate secondary waves (at3
shown in fig. 7), which reetrain this aos$nward deflecting -—-
tsndencym —

In sumnarizi,ng the case of a radially loaded rf.ng~ it
may be stated that when the ring is infinitely stiff the
shear-flow pattern follows a VQ/I wave (fig. 5) but, as
the ring beoomes finttely flexible, the shear flow gradu-
ally changes from a sine wave to a pattern similar to that
shown tn figure 7-

Uow cotisider the study-of a fuselage ring loaded with
a siagle tangential load.

. .

If the ring is extremely sti$f, the shear-flow pattern
resisting the tangeatia~ load is 8S shown in figure 8. This
pattern nay he ohtaiq’ed by applying the customary VQ/I and
l!/2A distribution, Note that the ohief function Of thta
secondary wave is to offset the moment. induaed by the primary
wave about poin% A*

Xf the-ring is mbt extremely stiff, the shear-flo~-
pattern cannot form as shown in figure ~.since the ring ts
not oapable of distributing the loading entirely around
the section, Instead, it distorts under the loading ‘t
and te~ds to looalize the shear flow- Therefore, the
shear flow assumes a pattern similar to that shown in
figure 9.

Since the primary wave for a flexible ringt as shown
in figure 9, produces less moment about point A than it
does for a rigid ring (fig, 8), the secondary waves become
less significant as the ring becomes more flexible. --.

● For the last type I.oading, consider a single applied
concentrated moments

.
-=

If the ring is inftnitbly rigi~, the resisting shOar.
flow, for moment loading, is a constant of 5!/2A entirely

.
. around the section,

.

.
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Yhen the ring is not extreaely stiff, the shear-flow
pattera cannot remain constant since the ring is fro-tcapable
of distributing the loading entirely around the sectioa~
Inste.e,d, it distorts, under the moment loading, and tends
to localize the shear flow, as shown in figure 10 where the -
primary waves resist the applied moment and the secondery
wave compensates for the horizontal components induced by
the primary waves. It is observed that the intensity of
the sec~adary shear flow hecones quite severe for very .—

flexible rings and entirely disappears when the ring becomes
infinitely stiff.

—

Relative-Stiffness Parameter

Oa the preceding pages, the shear-flow patterns
obtained with various relative ring stiffnesses have hee”n
described in some detail. However, the exact parauete~
which measures rel.ativa stiffnesses has not been nentione~m
It is a natural product of the mathematical analysis.
However , the terms included in it are reasonably self-
explanatory wken considered from a deflection standpoint-
This para:.lenter, which defines the shear-flow distribution
in every caSe, is gtven as .—

-.

where

R=
factor which is proportional to tangential def~ection

z of ring .-.

K f~.~tor whi~h, by ~efinition, is inversely proportional ,
&.O tangential deflection of skin, pounds per inch

This term KR3/311 is used throughout the mathematical
derivation. Eowever, its exact evaluation depends UZJOa tne.

. accurate determination of K, for which further development,
suppleu.ente”d by tests, is alearly needed. Therefore, until
a better means is made available, K may be approximated-*
as

.

.
RtGK = -<-

—

.
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.
b . where Z is the aista,nce along the shell to a section
s“ which is not distorted from a circlet At this section
. a V~/I shear-flow pattern may be considered to exist;,. R/L is assuined to be never less than unity (except for

the case of adjacent rings simiXarly loaded), This approx-
imation for K seems justified for any large fus’elage
comps.ra%le with that of the Lockheed Constellation or
Boeing ilodel X3-29 s,inc~ it gives good test agreement for
those airplanes, Then, by substituting in the ex~ression
for d, .

.

*
●✎

,

where

te average effective skin thiokness supporting ring
‘)
Et
\L

R radius of ring (suggest that R be r.aeznradius between——
skin and ring neutral axis)

I mean effective moment of inertia of ring crOss
including e$fective skin .

P ratio of E ~f ring to G of skin

t actual skin thickness

APPLICATION. Cl’ METHOD AND USE 03’ CURVES

GeneraL.- The curves, as yresented in figures
43, are derived for the ideal ease of a continuous

-.

section

...-

11 t’o
cir-

cu~ar shell-supported frame of c“oastant ET with any
system of applied loads in the plane of the frame.

However, rings which vary considerably from the
. Ideal case slay he handled with reaionahle accuracy by

approximate Ing ‘equivalent ideal conditions.i$
—

The coefficiefits for (1) bending moment, (2) axial
--r

.-

. load, (3) shearing load, and (4) shear flow are plotted
against angular location for various values of the

- relative-stiffness parameter d, There is an independent
.
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set of curves for each type of loading (radial? tangen-
tial, moment, and rotation) and a separate plot for each
coefficient.

The value of the relative-stiffness parameter may be

determined from the relation d = teEs/MI as previously

discussetto

The details for using the aurves to find beading
moments , axial loads , and so forth for a given single
loading become evident by examination of the curves.

The results for any system of loadings may be
obtained by breaking the system down into a series of
individual radial, tange~tial, and moment components and
superim~osing the individual rasults~

~~ar flow $JLQ~&Q,- The shear flow as obtained from
the curves is the total shear flow acting on the ring.
This shear flow (see section entitled llPreltmi.nary
Discussion?)” is composed of (1) a VQ/Z (or d=O)
shear flow which pr~yides equilibrium and {2) “inducedn
shear flow, not affecting equilibrium, induced by ring
distortion. The VQ/I portion is resisted from the
fore-and-aft sifles of the ring in proportion to the
total shear and torsion on each side. The so-called
induced portion of the shear flow acting on th~ ring
is supylied by the skin from the fore-and~ft sides of
the ring in proportion to the relative “shape’~ stiffness
of the shell on each side? The shape stiffness refers
to the resistance of the adjacent shell sfiructure to
distortion from a circular shape. It depends uyon the
number of rings, ring spacing, ring stiffnesses, skin
thickness, skin shearing modulus, and the distanoe from
the loaded ring to a section in the shell whioh undergoes
no distortion. It is hoped that further development and
test data will provide a simple method for obtaining this
shape-stiffness factor fairly accurately, However, at
present the following approxirnatio4, involving only the
skin thicknesses and the distances to unriist~rted seotions
are suggested since it is felt that they are perhaps the
most important factors for the usual case- The relative
shape stiffness Of the shell forwar~ of the ring is assumed
tO be
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*A
CA= .—. —-

tr + tA
-. —= ._. -. .-.=.-~

-.. . -
~

effective skin thickness forward of ring -

( )-- ‘. -

$ t ““ “’:-”-’;
-—:=

()

.-_.+

effective skin thickne$s aft of ring ;t .7----$
.-I ---~.:’<,”<

(Nor significance of R/L, see discussion ”&der .- -:-~
Relative-Stt.ffness Parameter.) –--3

---——----—=:-
Cases 11 2, and 3 are given

skin shear flow oh either side of

Oase 1: General case of a loaded

P= ,

h

./
-&

<
Forward

The skin shear flow fore and

as illustrations of the
the ring”, ““:’:f;:r~[+

---.—.
ring in a,ny cylinder -.<—— :.-

f\

.\/

. .. ... -- J.-... .=

View of forces ‘--- ‘“
acting on ring ‘- —

--:”:-~
- ,.=.--+:

Shear ‘ -“?%
.-T.:—. . ...7..”‘.:.-=.a-.

—
--

aft of the loaded ring –=
may be given as

.

----
-. —— ----- &

.—__
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where the fir,st terms represent the shear flow in~uce”tl,by “-
-

ring distortion, and the second tsrms represent the load-
tng (or equilibrium) shea~ flow. Zasitive skin shear flow ““
is considered to be aoting clockwise on the section ‘aheadti
when viewed look%ag forwarcl. -.

Gase 2: Loaded ring in a cantilevered. cylinder
Pr

i
.

.

.—.—.-

Sinear

. . ,.

The shear flow fore and aft of the loaded ring may
be determined using the same expression as for case 1,
The only difference is that SF is zero, (See shear
diagram.) — .— .

Case 3: ~o~~ed ring at the free esad of a cantilevered
cylinder

\
Forward

... .-

—
---

.

.
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The shear flow in the skin aft of the ring is tt.e.-
sane as the shear flow acting on the ringp It ~s noted

● that , if the general expressions from case 1 ar”e applied, -
.

~F and S3 are both zero and EA is unity, so that ~

%econes
.-.

qA = Shear floy as obtained from curves using actual d

.

*

&~Droxima,tionk~nvolv~Q~~g-fi&_R~ op I does-—— not .
remain constant.- When the curves are to he applied to ~----———--
actual ring wh~ch is not associated with entirely constant
values of t, R, and I, ap~roxtmate “effective” prop-
erties may %e obtained which will give reasonable results.
Therefore, the following paragraph~ are devoted to a di-s- “-
cussion of these approximations~

.-

The relative impcrtanae of the skin thickness at any
point is proportional to the intensity of the shear flow
aoting on the ring a’t that point. It is suggested, for
the purpose of simplification, that the skin thickness be
considered only oven approximately the first major wave
of shear flow. A trial, using an assumed thickness, may
be necessary in order to locate approximately the first
major shear flew wave. Then the average effective skin
thickness may %e obtaine~ as follows:

(1) Obtain the actual weighted average of skin thick-
ness over approximately the first ma “Or wave of shear flow

ifor both the fore-and-aft sides of t e ring?

(2} Note the dtstance L each way from the loaded -
ring to tfie seotion that cannot undergo any distortion in
sympathy tiith the loaded ring. Examples of such points
are points of fixed shell support and points of antisy.m-
metry halfway l)etween two separate rings which are loaded.
so as to cause opposite ehell deflections.

(3) If this distance L“ either way from the rtng is
, less than the radius of the shellt the effective thickneEs

on that side of the ring should be increased by the ratio
.* R/Il.

‘(4) Then te is the average of the effeotivo thick-.
. nesses on each side of the ring as found in accordance

% with steps (l), (2), and (3)? .
. .
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The ring radius. R and the momeat of inertia Ib.

need be constant only from the loading point around
through the regioa of appreciable bending moment. If, in-

●. this region of appreciable bending moments, R and I
vary slightly, satisfactory results may be obtained by
using the average values of ~ and 1. However, if R
varies considerably, it is recommende~ that overlapping
assumptions be applied.

If I varies considerably, the following means for
finding the approximate equivalent moment of inertia is
suggested:

.

.*

-.
s

‘Y
~ is continued over onlywhero the length of arc and

43

the region of appreciable bending moment. This region of
approciahle bending moment may he approximately locatod
hy using an estimated relative-stiffness parameter d.

The curves are set up for coefficients at definite
angular positions. These positions are measured from the
point of load application with respect to the center of
the circle. ??or a case of varying curvature the approxi-
mate point on the aotual ring, for which the coefficients
apply, may be obtained by laying out around the ring a

distance of R~-~- inches , where R is the assumed
180

equivalent radius and O is the angle (in deg) from the
loading ‘toany point on the assumed equivalent circles

Tho effective width of skin acting with the ring is
not constant even though the structure is perfectly uni- -
form throughout the circumference. However, the final
results are not very sensitive to the value of d,
especially when d is large. Therefore, the following
effective-width assumptions are recommended:

(1) For deter mining’tbo section properties needed \
for d, use an effective width approximately equal to the
depth of the ring

(2) Yor determining the section properties needed

.-

..-.

.
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for the margin of eafety of the ring~ base the effective
width upon the stress condition (tension or compression
in the skin)

w~BiLti.a&J&&&JtiaAB&x-s$tiLaLx_tiati,- - ‘.
Further development , supplemented by tests, is clearly
needed in order to predict accurately the effect of load-
ing ailjacont rings stmultaneouslyp In view of avat”lable
data, tho following approximations are recommended:

. ().) 3’or the design of a rtng whers one adjacent ring
of approxtnately the same flexural propwtions is similarly
loaded,”use -.

(2) 3’or the design of a ring whore at least both
adjacent rings are loadod similarly, use -.—-T

Theso adjustments in d may be aonsiderdd as adjust-

Rt.monts in the ~ -value used in the expression te = ~

(Seo ‘section entftled “iZelat3ve-Stif faess Parameter. ” )

A<~Iysts of a rfn~ containin~a pin joint.- 4 pin—...—- -----—
joint in a ring simply permits enough augular rotation at
the pin joint to relieve co~pletely the bendtng that
would exist there i.f the rzng were continuous, Therefore
a ring with one pin joint may be readily analyzed in two
steps:

(1) ~in~ the results which would exist if the ring
wore continuous instead of pin jointed

(2) Superimpose the results for a ‘rotation loading”
applied a% the pin joint whero the amoqnt of rotation is
deterniaod so as to roqui,re Wend;i couples exactly equal
Bud oppos~te to the bending moment found at the pin-joint

.

.
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location in step (1). Examination of the formula for
bending noaeat due to rotation loading, as giv~n in fig=
Ure 35, .

—.

Oi?lt

.—.-:

.—
T ._.—

-.
,-

,. --- —

Indicates that the required rotation to each side of the
joint would be

(Moment as found in step (1))
~o = – ~ ---—---;”---——— .--—. —-—---—.—

~1 (o@$ = O for proper value of d)

(Note that when this expression for S@ iS i~sert~d.

in the formulas for bending moment, axial load, transvorso
shear , and shear f low, the EI-term cancels out. )

Anal~sis of free rings.- The term “free ring’r is used
to indicat~ny circular ring for which the completo load-
ing system is independent of the rs’latlve flexibility of
the ring. The ~complete loading system~ includes %oth the
applied and tho .#esisting forces. .. .-—

.-

Primarily this report has been conce~ned with flcxi-
%le rings externally lo,aded and supported hy shell struc–

.
ture, It has already been shown that the supporting
portion of the co.rnplete loading system on such a ring is
dependent upon the stiffness of the ring relative to tho.
shell struoture. !Chereforo any shell-sugported ring other
than an infinitely rigi~ oqe is not clas$ed as a- freo

- ring.
.

.—
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.* ● However , the analysis of free rings may he readily-”-b

acconplisha.d through the utilization of the a.=o

* results for ordinary shell-s”upportetl rings.
●

Consider a free ring in equilibrium and loaded as
shown in the accompanying sketch? By superimposing tho
shear-flow patterns as obtainod for both loadings , by —.
usiag the dxo curves, the net shear flow is found to
“00 zero. Yhis same phenomenon is true regardless of the
nun%or of applied Ioadings, their positions , or their
t~o as long as th~ complete loading system is in equi-
librium and remains coplanar.

..

●

✍✎

.—_

Therefore, ring bending moments, axial loads, and
transvorso shears for any free ring may be readily ob-
taiuod b:r application of the d = O curves.

Howevor, the pr~blem of.free-ring deflections re-
quires additional develo~mont. X’or example, consider *ho
d=O curve for radial dofleations due to radial loads,
(S60 figq 15. ) From the expression for d (see section
entitled “~elative-S tiffness Parametier Y), it is seen that
in or~er for d to be zero oxio of the. two “conditions
must exist:

(1) The rin~ must be infinitely rigid.
.

(2) The thickness of the supporting skin muqt be zero.
——

.
. If the skin thic~nbss hocomes zero it is noteil that

E also becomes zero. Since K is tn the denominator of
tho expression for AR, the value of AR become’s infinite.”
Such a valuo has no significance in free-ring analy8is.

. Therefore, the d = O ~urve ?n figure 15 is of I.ISO only
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in case the ring is infinitely rigid (for e=mple, a solid.
plate) and would then give puro translation deflections.

.
.“

+

●
●

Thus it is apparent that the deflections for free
rings must be obtained in a manner which bypasses this
tendency to becofie indeterminate. Basically the entire
mathematical analysis is indeterminate for d = 0. There-
fore all d = O values for bending-moment coefficients,
and so forth, are obtained by .uslng d = 0,010201 which
approaahe~ d = O VePy closely for aXl ~ractical purposesi ‘-
The regular calculated deflections consist of ;t;P~;
translation deflection of the ring as a whole, and
the distortion ~eflection of the ring itself. a
becomos zero, the distortion deflectiori also becomes zero.
Who n d = 0.010201, some distortion defl~ction still re-
mains but is very small relative to the translation deflec-
tion. Yor any free ring whioh i-s in equilibrium, the
total translation deflecti~ns are zero since there is no
tendency for the ring to shift in space. Therefore, L% ikno%
necoasary to evaluate any translation deflections, and. the
distortion deflections become the desired results. Sinct3
the beading momonts in a free ring may %e founa Quito ac-
curatoly by using d = 0s010201 instead of d = Q, the
distortion deflections for d = 0,010201 are satisfactory
for free-ring deflections.

Reasonably accurate values for distortion deflection
coefficients havo been obtaiaed by using six to ton sig-
nificant figures throughout the numerical solution for
deflection coefficients (when d = 0.010201) and then
subtracting the pure translation deflection coefficients
~hich are obtained by simple geometry~

The formulas for actual def2ee%ions of free rings
.

are the same as the formulas for the deflections of shell-
suppOrted rings except for the following considerations:

(1] The value of E is obtained as follows:

.

.

.
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The value 0.010201 has been combined. with the distor-
tion deflections and the resulting values are plotted as
deflectio’h coefficients for free rings. (See figs. 18,
25, 34, and 67.) The formulas for the coefficients to he
used to find actual deflections are presented with the
curves ~

Lockheed Aircraft Corporation,
3urbank, Calif., December 16, 1943.

APPENDIX

SUMMARY 03’ASSUiiP!210NS

Thp assumptions upon which the mathematical deriva- -
tion is based are

(1) &he frame is of constant igitial curvature and
constant flexural rigidity

(2) The supporting skin is of constant thickness and
‘continuously attached to the frame

(3) The skin shear flow is proportional to the tangen-
tial deflection of the ring with respect to
‘rigid structure”

(4) The frame complies with the a~sumptions for the
flexure theory of curved beams with uniforn
rectangular cross sections

(5) All loading is in the plane of the frame

(6) The distortion of the frame, undQr loading, alters
the skin shear-flow distribution but does not
alter the geometry of the frame

(7) The ekin shear flow acts along the elastic axis
of the frame

(8) The frame undergoes no axiaZ deformations

(9) The structure is loaded within the elastic limit

—

. .
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The solution of the differential equation

29

.—.-
.

may “de readily obtained by writing it in symbolic form as -...—

{De+ 2D4+D=-d)m=0

and noting that the associated equation is of a quadra-
cubic form with one pair of real roots and two patrs of
imaginary roots.

—

?he roots ~ as determined algebraically, are —

.

.

●

I?*H

where i.- and y, ~, and 0 have the values ‘con-
puted on form 1 an~ plotted in figure 3 for various values
~f the relative-stiffness parameter d.

The general solution is then given hy

. whtch may he expressed in terms of real functions as
.

.

.

.

m= C =eye + Gze -Y e + 03e
pe

cos ae + G4e
-p e CQS ue

+ e~e~e sin U6 + C6e-$e sin f3e

--

-- .-.——--

(12)
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where CL*. . c= are arbitrary independent constants , to
‘be determined %y the conditions of continuity and equi-
ltbr ium. ...

S!lxyressions for Shearing l’orce and Axial Xorce

Acting on a Bfng X-Section

3y rewriting equation (3) in the fern

and notiag that the shearing force on a ring cross section
is gives by the expression in the b??acketst it may %e con-

.—__

eluded that

.

(15) .

S5nilarly, ‘equ~tion {4) ytelds the expression for
a%ial force

(16)

th~ minus sign resulting from a tension force being con-
sidered positive+

Expression for Skin Shear Flow q

The expression for the skin shear flow
‘from the equation

where q is expressed in pounds per radian~

q comes

(17)
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● Expressions for Component Deflections.
.

The tangential deflection is obtained directly f“rom
. the third assumption..

Substituting equation (17) yields the alternate form ,
.—

.
.

.
.

w

●

“=-$(3$+
The radial deflection of a ring cross section is

given by

{18) ‘-

e
N1 = Axsi.nG+Aycos6+

J
~ SSin (e -*)] de ,

~ BI

whenc!e .

Substituting equation (9) yields

whence

1 tiq
AR=--—

K &Q

or substituting the derivative of”equation (17) gives. .
.

--
I

.

AR = (J- 4L+&g
RR d@ d94 )

(19)



●

.

. .*
.

●

●

✌

~T~fj;L 7M ~(): $)2$)
,1

32 ‘-–. _..,---~-.
.

The rotation of a ring cross section is g~yen ~Y
--—.

Substituting equation (9) for m yields ......-.--—e...-—

whence

.

.

:“=-.fk(%’$-$” --.— -. --
.. —-----
. . -— .- . ..—-—.>. ...- ..+=..-

.—
-- , -,-- --- -----—.. ___.... ___

w“; ik(’+%wi’d’”+w -“””
1 ( aaqo)

.——.-....
But ’30 + —d;= is initial rotation at point A ‘with “—

R=
—-—.:-—-.,=:+–a

respect to rigid structure; tberofore~
‘“”-& (’+::).. “:

‘absolute” rotation in radians or, by substituting eqw- -_—
tion (17) in its second derivative,

Hyperbolic !l!rigonometric Integrals

b f
stnh ax sin bx sin x dx

●
1* ---— -——. a {

a cosh ax (a sin bx sin x + 2b cos hx cos
. a – 41)2

(20)

.-~.
x) _—

.—==’==-:==&
———..- -: ._ . ~=

—
1-

+ sinh ax
1

(2 - a)b COS bX Sin X + (2ba - a) sin bx co; x‘-1)a
,
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. r sinh ax sin bx cos x dx
●

J ...—--—
. —.

.- 1= —..
{
a cosh ax (ccsin bx cos x - 2% cos bx sin x)2

● a - 4ba. +

[
(2 -

a
+ sinh ax u)b CO13 bX cos x - (2b - a) sin ~x sin x

1}

“ .[ sinh ax cos bx sin x dx

1
= -.--. — -

a {
a cosh ax (a cas bx sin x - 2% sin bx Cos x)

a - 4b2
—.—
---- ..-.

L
+ sinh ax ‘(2%2 -

1}
a) cos %X cos x - (2 - a)b sin bx sin x

J siah ax cos bx cos x dx

1

{

.
= —.. —

a a cosh ax (a cos bx cos x + 2b sin bx sin x)
a - 4%a

.=
—

.—
.

- sinh ax ‘(2b2 -
L

a) cos bx sin x + (2 - a)b sin bx cos x
1}

It should %e noted” that

(1)a =aa+b~+l

(2) eax may be substituted for slnh ax and cos.h ax —

(3) sinh ax and cosh ax may be used interchangeably
in these formulas as long as work is consistent

[

1
sinh ax sin 3X dx = —- - (a

b“ a 2+11

.
--[

sinh ax cos bx dx = --~~=;~ (a

-.
.-

!
sinh ax

.

C13SIIax sin bx - 1 stnh ax cos hx)

cosh ax cos bx + b sinh ax sfn bx)

ax =4
cosh ax-.. —..

a
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Discuss.*on of Computation Forms

!lhe ooiuputation forms used in order to obtain data
for plottiug the cutves contained in this report. are
listed as follows:

Form 1: Solution of Auxiliary Equation—.—

Yorm 2: Hyperbolic and Natural Functions of e for-— ---
a Given Value of d

I’orm 3: Evaluation of Integral$ for a Given Value of @ ~-—-—

11’org4: Final Constants for Type of Applied Loading—. ..

~ug~;. Fina4 Caeffioients for Type of Applied Loading

Yhe primary function of form 1 is, as the title indi-
cates, to evaluate the auxiliary equation wh~oh is associ-
ated with the symbolic form used for solving the general
differential. equation (11), The relation betweea the
Vario.u-q stiffnesses d and the damping and frequency pa-
ramq.teti~”are ottained on this form. In fact, the plot-o$ ,
*he damping aad frequency parameters against d (see fig.
3) is based upon the results Zrom this form.

Forti 2 serves to evaluate the various hyperbolic and
natural trigonometric functions of 6 which are needed
fn the cond~tional equations of continuity and equili~rium.
(See equations (21) and (22) .) since the damying and fro-
quency parameters Y, ~, and a depend upon the relative--
stiffness parameter a, a separate form 2 must %e used for
each value of d.

3’orn3 is use? to evaluate the integrals whfoh are in-
volved in the conditional equations of continuity and equi- ‘“
li%rium. The angle 0, referred to on the form, is spe-
cifically intended to cover the case of partial rings as
well as ,the complete rings with which this paper deals~
For a complete rLng, @ is 180a and remains at that value
as far as this repbrt is conoerned. The ~ata for form 3
are obtained from the form 2 for each value of d being
considered,

Slorm 4 is used to obtain, from the conditional equa-
tions of continuity and equilibr~urn, the coefficients of

.
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the hyyer%olic functions which are used in the equat}ons
for the final load coefficierats. Form 4 differs slightly
for each type of loading that ts applied and is so desig-
nated by subscripts V, R, X, an~ so forth-

Form 5 is used to determine the final nondimensional
load coefficients which are pZotted against 8 for each “--
value of d, thus yielding the curves in figures 11 to
31,
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Form 1

L
1

‘r

a:;
1.7364
ua5

.l.99a
a.46–
2.5

%3%2

- {:: -
‘3.45a

‘3%5
3.8

T3.9oo–
4.0

‘4.060

_:::
4.6—
4.8

6%7

JMwL

80LUTIOlJ~ AUXILIARY BYM80LI0 EQUL910M

o3 08
b

Va V4 v’ 1:$ umv’ J1 L+.75# VJGG
>

1+.5@ 4.75( 2) J@-

. ‘.1

T
.01 .0001

4.0000 16.0000
3.0161 9.08074

UE% 1;::=.
‘6.0516 36 .62).8[

I
6.2’koO 38 .05i35
9.0000 81,0000
9.3147

4
LO.2400 104.8576
il.58 133.6W8-
11.9163

I12.8800 167.9616
13.5782

-t

L4j4400 208.5136-
L5.2100
16.0000 M8 .013M

i

16.&w
17.8400 311.1698
19.3800 374.8088
B1.1600 447.7456-
23.0400 530.8416
25.0000 825.0000
28.8047 8a9 .7107
b5. 7652 2084. 453{

.Ooooo1
64. OCQO
2T.4085
S.81493
6a .4782
‘aal.62d
244.141
7a9.000

.1073.74
L544 .Elo-

a176 .78

-3010.84.

4086.00

5489.03
7a58.31
-9474.30”
la230.6
15625.0
a3898 .6
96853.1

1.005 1.0075 150007f
3 ● 0000 4.0000
2.50755 3s132 1.60591
1.781.25 a.17186 I,4737a
2.98405 &.9760q -1.88401-
‘4.oa68F 5.533’!?0a.35344
4.1250 5.6875 a.3848
5.5000 7.7500. a.7B39
5.6574 7.9860 a.8280

1
6.laoo 8.8800-
“6.7800 9.6700
6.9582 9.9372

1
7.4800 10.7200
7.7896 11.I.844
8.2200 11.8300
“8.6050 la.4076
9.0000 13.000C
9.a400 x3.360c
9.8aoo 14.a300
10.6600 15.52W
‘11.5800 16.8700
12.5aoo m.aaoa
13Aooo 190750a
15.40a4 22.6036
23.8828 35.3239

“::y*:-
31a74~
3.3443
.3.4385_
3.5aa4
3.6056
3.6552
a.77a3
3.9395_
.4.10?3
4.a755
4.4441
4.m43
6.9434

cm
.1003?43
4.0000

8.33578
l*84a15
.s.97207.
5.78946
5.8618
8.3517
8.6a50
9.4278
10 ● 5730-
10.8821
11.7868
la. 3237
13.0701-
1’3.7374
14.4224
14.8401
15.8437
17 ● 3338-
1.8.8B36
ao. 5224
aa. am
25.5163
40.2on
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d 4“ 4 4 +@~@ +@3@

L

-5.44508x1W4 .7a8677x~o-5 -16.33649X1O-4
aooo -1.aoo6aatio-4

-8.40605x10A
.183a44xlo-5 ..37505X1O-4 -8.?W83aX10-4

_ +.0?6604x10A __.08a8434xlo-E. a.813469xlo-4 4.69a51xlo-4
-%$? .6a1590xu@ .038a333xlo-5—3.88778X1O-4. — -l.60316x10A-
5000 .560487X1O4 .oa3a453xlo-5 a.735a~xlo-4 -.09a4749%lo*

8000 -.mw3L04xlo-4 .309088xL04 .oo73915atio-~ .97008%10-4 1.Ja368xlo-4

@ ~ o @

I AXIAL IlokD00N8TAMT8 BWAR FLOW 00NSTAMT8
1 1

-Kl@ -@f@u -@p+@cf -KIY-K1Y3

-@3@ .-@3@ @3@ @3@ .@3@
d .@,@ -@3@ +@3@ -@ +@3@-@l -@3@-@

.
80W -.03a5aa7xlo-5 -6.56143X1O-4 1.34994X1O-4 -.15049X1O-5 .10.06644%10-4 a7.696aaxm-4

.
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Ref. oode Page At14

(Od)FOr~
MOMKNT LOAD PER IMCH RADIUS Model t3eneral

4 -“MOO Rept. 42aa
1

a @ @ @

~ALUE OF D~TKRHIIJANTS

K11 Kat K3,
~ D

F I I I

I I -@3@3 -@3@3
d

-@3@3 (1)(55)3+(2)(66)3

+@3@3 +@3@3 +@3@3 +(3)(57)3

8000 aa66g5.4 4a5a05ssa.3 -S0496868.5 1~3a9655a06xlo3

@ B @ “a @

MOHEMT CONSTANTS TRAMS. SNKAR 00NSTANTS

ICI X2 X3 +Kly X#3+K3U -K#+K3P

.5@ .6@ .6@ @3B -@3@
d “

@ @“ @
+@3@

+@3~ +@3@

8000 -.34a03axloa -.6449a5xlo-3 .ms9axlo-3 -1.504941X1O-6 -1.009601%10-3 a.769567xm3

m @ @ @

AXIAL LOAD COH8TANTS SHIMR FLOW OOMSTAHTS

-xl+ -@B-@u I -@P@~ -KIY-K1Y3

,

kbiE$kFz=l~zz&i:&:kE~:f190343x10-3 3:057080x10~ ,ll:OS83S3XlWa
38x1O 3 i34.668341xM 3 1.76OS3OX1O4

8000 6.6a1740xloa -s.69m3axlo-3 -lo.070mlxlo-3 .3064O6X1O4 -5.778882x10-a. .931867xlC@

-.

.



. .

*’. .

.
*,”

,
. . .

.“*

?ora 4A

d

.010201
10.26
40.61
87.94

3o0.9a
-1OOO —

4mo

&m
10CKW

.010201
10.26
46.61
9’7.64
3oo.9a

– 1000 —

@lo
.8000

1%%%

.Olom
10.26
48.61
97.94

3w.9a_
—1OOO

4ocil
am

LO@300

@j I @ l.~
19.

EADIAh~&OTIOE O~?AWIS

-@WY I+@s@

mm DmLzomos oonTAum

Page. A.sli
xodel Oun
Resort m

.oo1635a6

.01734449

.00694524

.cwamo
,.00241aaa
.6a4a32mo+
,26a066xlo-3
.W671X1O-4
..2ela95xlo-4
1,60679 Ml@
.616501xlCr7

.01535267

.0136766

.oo516167

.CQ292649
,,W09W805
.aa760um#-
.081m3xlo-3
.a62465xlr#
.66au55xm-~
.467018X1O-5
.9na93xl#

..01550620

..03555666

..0206640

..01453369

..oo691.5E

..a34643xlo-2-

..10553OX1O-2

..0409264x10-a

..1342ulxlcr~

..13aao9xm-4

..4a6u7xlti

.@);@ I -@a-i
. w462aa

IT
.056L4346 :31 J%

-.24a57160 .2016171.
-.aomaw .022460s7

.0566003- .oti7

.0166023 -.0164744
-,w604a30 +.LW3939436

.W730634

I

.3149cn373’
-.167m7aa .11067646
-.14454267 -.06615617
-.w9u33aa -.11.695064

d
~46 :x!:%!%

1.666a7xlo-~
-20. 7204uxl@

-.869406xlo-3

- :%%%-3

.07768364
‘aw325xlo-S–
36.99WX1O-3
1O.1267X1O-3
-l:~;:;:ti

-.573B06xlo-~

-.03157aa4
-.33472906 -%F3
- jo!m:g” -.5s5!3954

-:~wy~:
_.6oaa7u

-,339754xlo-~ — 53.w31750xlo-
-39 .249275x10-a 23 .E66219X1O+
-26. 718643xlWa -20.831966il@

9.04186 slo~ -24.6M390XIO+
.026651.2 .laleso
.Ollama -.0326150

#da@ ‘“”

1“ @ @
ROTMIOHAL DEPL~IOH C

@3(g.

@3@-(15)

.01.5506

I
.Q31.672

.03556620 .w473u3a

.02062411 .m41a77L

.01453338 -.22W56
_-.6O62657

.3S3E69X1 4
36.a4a7x A

.aanna
-ao.3a5a22xlo~

-.0296494
-.0119621

.15606am .00366666

.0264453 -,04636?JJ3

.01191223 ..24917642

.0072W20 -.26?44596

m“

I-u
La

-P
a

-.15661260 -.00312.665
-.07269116 -.49m4244
-.0476a77 -.7565377
-.03624764 -.4172266
-.0198220
::7a3m.2xlo-2 157 %%%-r
-.39466OX1O-3 -3.61763)Wa
-,lmlo7m-2 -130. molaxlo=
-.823WX1O-Y -mu=
-.?73Q73XU34
a.a4567w3-fJ --.146309

%6?AMW —

@!J@-“
-miiwlia

-. C023068
.22a55661
.55699864
.5046n36

-.06590466

=53 .a697xlo*
-23. 6466 K1O-3

akg~lck-a

.0326168

.000543446

.1o741177
-.5972607

-1. Ilamo?

-; 12a360

I
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.

COJ?W?’ICH!INTSI?ORUNIT Page A:16

Tmm?IalilLou Model General

= low Q= Mo lleport 4222 ‘‘“
.
‘. [“ (1) I (2) (3) (Q)

lbnent coeff. Shear coeff. AxiaZ load coeff. Shear fl:~~coez”f.
n %* G~* Gt*

! ,

.

.

●

✃

i)I -.0015 ! ,0000 1 -.0015 0
5

~~ J ~~~ ~ -

9.0023. -.o12g
10 -,cm~ +.0004 *.0037 -,0246
15
20 ?,0013 ,0015 -.0094 -,0404
25
30 -,0009 .0037= -.0>62 -.0397

k
5

,0000 ,0070 -.0205 -.0163
“% ‘
50 +.0016 ,0105 -,i)lao +,0312

.*Z ,0036 .0127, I T.Oow .W75
65(
.70 .oo5i3 ,0115

“+ ~ ~~

+,0204 ,1667
75._
go ,0073 +.0049 .056

?6
,a23

~5 .. .07
90 .0071 ?.00$0 .19g5
95 .1071
1oo-_ +.0042 -.0265

.
+.9a75

105 .u6g ..
110 -.0022 -.0466 -.146g
115 +.0822
120 -.0117 v.0605 -.502g
125. -.0166—
13C -.0223 -.0570 -.g32t!‘
135 -.MW9
140 -.0299 -.0236 -?%.3344
145 -.b244
150 -,02g2 -1-●0507 -1,55$3

-;6g47
-;%

1
-.0096

.—
●1699 -1.4450

163 -.9037
170 +,0333 ,3267 ~.gT2s -.t?gga
.175 .
lzfo .1055 i499979~ -,9819 -,ooo7a4 . -

.%= W
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OOEET’ICIE?TS3’0RUNIT Page A:17 “

HQRIZON!I!J!LLOAD Model General. “

= moo
.

.
‘* I h) (2)

Morneatcoeff. Shear coeff.

4
&* &*

~(5)A(15)e+(6)q(16)Q (ls~+(9)4 (19),
+(7}4(17)= +(10)4(20)~

s

.
●

.

01. .0000 I -.0015

-.0003

-,0005

-,ooi27

-.000g+

-.0015

-.0013

-,ooog

●0000
%! - i

!EirtiiEil”-
i!i-”-q00’7-l–0:’3–
90[ .0030 I .0071

#}–*””k’---i--●“i2–

I
116 .0043
115
120 ,0031
125
130 +.0001-
135
140 -.0046“+

-.0022

-.ou~

-,0223—

-.02$lcj

r~ 150 -.oogg I -.02g2
155

. 160 -.0133 -.0096
- 165

.
170 v ●0117 +.0333
175
Mo +.000001E%353 +.1055

o = 180 Repori” ‘ii22’ ‘-

,0000

-.0004

-.CW5.

-.0037

-,0070

-.0105 *-=

-,0127

-.0115

-.Oojo

+’iaxo

.0265

.0466

.0605

.0570

+,0236

-.0507

-i699

-.3267

-,499997

,0000

-.0022

-.00$0

—-. o153—

-.0206

_-.o196

-,cw~

+.om6-
—

,04$33

.Oqjz

_ ,3319

.~086

+.0535
—
-.0713

-,2705

_-,y26g

-.79Q7

-1●0057

-2.og76
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FINAL COEF~IOIEUTS FOR UHIT

Re
b

Oode
Page A:18
Model General

cd Form
VERTICAL LOAD Report 4aaa

.

●

✎✍

●

●

.

.

10
I

.1240

:: +.0502
_ -25
30

I

-.0650
35

-.i3044
z

_ 50 -.3355
55
60 I -.4084
65

_ 7:
4

-.3599

80 -.1278

;: L+.3240

1:: .9740
–105
iio 1.7117
115
1s0 2.3225
la5

-130

t

2.5066
135
140 1.9496
145 I
150

t

+.4565
-155
160 -1.8562
165
170 -4.3390
175
180 I -5.6118

63
Rotation def~eot
ooeff., OA~r*

a.@,

+@4 @l

+@4 @2

.0000

-. a6a5

-.5115

-.7125

-.7981

_-.67l4 -

-.2308

+.5844

— 1.7334

3.0161

4.04a6

4.2635

3.0926

— +.1394

-4.4598

_ -9.6676

-13.a308

-11.5687

-.0001

*~-M = CmPR

kial load ooeff
Ct*

Pt = ctP

@

BheU$low ooeff

\

(R)q=cq ~

o174 = o.694232(10-3) 184 = 148.4612(104)

@4 . -96.0724(10+”@4 . .a34(j~6(lo‘2)

o214 = o.333569(10-2) 2a4 = -53.9697(10+)

.



.
● ’

.’,
,. ,

●✎ ✌
.’.

LQLs)%I$G

I

. .,

!2AB’J 1.- COEK?ICIWI!S EOR

~U.9 Kll for El, etc., for
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fiersi; for example. 1 rtay refer to values uncle”r either siah Ye or cosh Ye

while 2 refers to values under either 6inh pe cos U9 or Cosll Be Cos @el]
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sYiili’ETRIOAL LOADING -“OOEFZIOIEIIT QT

jinh j30 sin ailb

X3

Coeffi-
)osh f!e aos (7I3; Ctont of

Bonding

moment

s=
fozwo

kid

orco

-0s3$ + C62U
i

-vii~ C*afl+-’ C%=u
: shear
! flow
I

— .—

c
ql I c

qa

m3,n-

gential

doflec-

.K

c
W

I
Raduil
deflcc-

I tioll

-tfcAT2

+%!us
,

.s&-

j
tionel

; ~rota-

I ;,tion
,—

1
!oLil Ye cosh $0 COS U6
.—”

A??TT+;ThlllWRIOAL LOADING - COE3’li’I.CIEITT OF



NACA Teehnical Note No. 929 Fig. 1
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Refeser
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.“

Ice ring\
[ /d= 100

.

I ‘d = 100

Notest
Relative stiffness is measured by parameter Hdn; d = O re-
presents a relatively rigid ring and d = 100 represents a
somewhat flexible ring. Deflection soale magnified. Dash
lines indioate deflected positions.

.

.

. Figure l.-
*

.

Oharacteristio deflection curves for a rigid ring
and for a flexible ring.
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Figure 6
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/

AR+e = c~~~ /= /?’
+

. -A R-e

Where p/us A 7 Indt-cufes — -+P~ Where p/uS 4 R Ii?o%otis

c/ock WiS& d.u~/@c f;On -
I

de ffecfion fowuro’ Cen tier.

#ofu +/.&o/ Uei-%e //on 5 —’ ~

Ad+e =CA#~ ~ . +A@-e
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EACA,2Technlcal Hote No.9ii9 Flgm. 35,36
/0 02 a 40 m w m Cm = m Aw /4?0 &u /40 4!s0 A$o/7oAYo

Fi6.3bi- E5VDING MOMENT CWFFfCiVNTS
—-
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/ - U=8000
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—

/.0 i.— —
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d= eooo -.

d =8000 -.
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-d=.?- U+e = c&# Cf# gg = +U*

-CZ=4000

~ -d=~ (plus indt.cw+s *-A+

20 1
[ 1 1 I

No#c: ,7he r@ f> tippo,rf& @

544/.

I
oma7m 4050 65wa *m//o m .430 mmmmm

@ /N DEGREES

—



*

.
.

r

4-

.

.-

.-..

.

.

UCIAoTean$ictimMot e=xo. $as Figm. 37,38
5060 w@s9m b: /,32 /30 ,40 /?=’ p /iv/Cm.

/.0

o

- M

- 2!0 =-d= loo

-s.0 A. d=8CO0

-40 — FIG. 3Z - TRAMSVERSE SA4&W caEFFK/’7.s - — — —

/=0/?
g-so — SYMMETR/CALL Y APF!L/ED ~TA 7/OA/

u
-60

-Zo

P

K - . Y

NO* ? The A?g A Supper ted &g

0B2u3040-60 i= w &;/.47 /R7Lw/40 /5a Xo mm.
‘- A??lN DB/?EEs

90

&

70

60

/0

-o-

-B

-s

— 1 1 1 I I 1
●-

&g6mf&/ Z?eF/ecf on /A#S). ./ . .-

WhWe p/us A T re~msenfs
L c/ock++e deF/ecf~on.

Olomsoea 6om .00*L50M22 1
@A-4 D4BZEZ.5



NACA Technical Note No. 929 S /JU DEGEIFE.S
OB.20+5U33D 6027 .?m50/co A@ /2!5 /90 40 4-0 Awvp=v’%

F
FIG. 39. ‘-R~D/A L DEf=L ECT/ON COEFF/C/ENTS

.
e \ -—

/ 1 1 m

.
&

.

.-

.

“.

.
.“

i
if

.
●

✎

.

{

-m ‘/ {

/
I w . I .

/

9-

-40 / I I \

-60

-.S5’

/ .
-m

/
c~R6@ 6# ~ = +A 8-s

-/co I I

/
Where p/us AR r~rese?n +s -

- /40 a’ef/&Cf/”tin /obvQ& cemfe7.

- /60 /
+6

-/Lu
No+ e: The 7+79 /“s GiujO)oor*

-Zco bg izhell . 1 , I

!
Om EOS 040 h 607v ’eb SOm//OZ0/30 .4@ k%160~AW I

@ IN DE61QEES — —r
c ,,---- .------.-+. .-—

[
-

Fh5. 40. -kADIAL- iEFL EC7-IOV ‘COEFF;CIti~Sm %
.. ~R

Zm
~YMME7ii~LL Y A PPL/ED ~TA 7/ON

/
~“

100 \

o-

-/m
\ y

d=4000
-?m -d= am

. .

m

II

.
.

F?qu!Ia/ DeF/ec thnf&&:

/’

,

-400 CA&f ~~ ~ = jAR+ -AR +e =

-S@ where plti AR. repreaen /s )

def/ecfAm +Owum’ cuo~ur . Y A .
,+ e

-600 - //

- 7m -m

- - - - - ‘1 ‘j ‘,

- I/m
** .“ The r@7 13 +pporhd

- ).?m
by she//. ,.

0 10

-/em .
0 /0 mJo405w60w Lw&w /&: Am

e IN w6REES
,.



.

.
--

T

,.
‘,

.

.

e /#./LU-6%?EES

&
\

\ . . . . . . .. . . . , v
:., . ‘..

FIG. 42.- EOTATIONAL DEFLECTION COCFFICIENTS _ . _ _ _

~
-.. .

- ‘8YMMEnICALLY APPLIED ROTATION

m
#.atutf’cwg~

*%3 = qa&ri q’+) = -@-em
r

m
w

%LV

G

tite: The r[q t> supprted —

m

m

— —

-/e

1-.
-a.# &k&9

.
e IN DEGRE&s



I

.

, .
., “ .* I 8“”.

w .,

1.3

I I I 1’ I I 1
~~1 1/

I

.8 FIG. 43.-I’~ BINGDWLEWIOIJ COE%’I?lCIWTS ‘ ; i
!-

\ r

~-i-- ‘ ““

1-
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Rotational deflection:
~

; ti,o=%$~g @=-A@-g ‘
e

Va
Where plus @ Indicates

clockwise rotation in radians,

Ten@ntial deflection:

AT~ z CAT60 mR = -AT-@

- Where plus M InMmtes

clockwise deflection. deflection toward center.
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